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Variational principle for optimal accelerated neutralized flow
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Minimizing the energy deposited in the electron current in neutralized flows, such as in the Hall

thruster, is examined. Modifying the electron current along the channel by inserting emitting

electrodes, can enhance the efficiency. By employing variational methods, an optimal electron
current distribution is found. The efficiency enhancement due to this effect, however, is shown to be
small. © 2001 American Institute of Physic§DOI: 10.1063/1.1331567

I. INTRODUCTION Il. THE MODEL

Electric propulsion for space vehicles utilizes electric ~ Let us assume that the ions in a plasma are accelerated
and magnetic fields to accelerate a propellant to a muchy an imposed potential drop, while electrons acquire a ve-
higher velocity than chemical propulsion does, and, as a rdocity in the opposite direction by the electric field, a velocity
sult, the required propellant mass is reduced. Among electrithat is proportional to their mobility. For simplicity, we ne-
propulsion devices Hall thrusters offer much higher thrustglect the processes of ionization and channel wall losses in
density than conventional ion thrusters. Hall thrusters nowthis acceleration region and assume that all the ions have the
perform with efficiencies of 50% in the important range of same charge. If the plasma is quasi-neutral, the ion and the
jet velocities of 15000—25 000 m/s. Since the original ideasglectron charge densities are equal
were introduced;’ Hall thrusters have enjoyed both experi- m 12 r
mental and theoretical progress. References to the Hall Zzr; ! = © .
thruster research can be found in a parallel publicdtion. 2Ze(pp— ) n(x)(deg/dx)

The Hall thruster employs a quasi-neutral plasma, antHerel'; andT', are the ion and electron particle fluxege
therefore, is not subject to a space-charge limit on the curandm; are the ion charge and magsjs the electron mobil-
rent. The accelerated ion flow is neutralized by electrons thaty, ¢ is the potential, andp, is the applied voltage. All
flow in a direction opposite to the direction of the ion accel-quantities are assumed to dependxoanly, the coordinate
eration. The neutralization results in an inefficiency, sincealong the acceleration channel. The efficiency, the ratio of

part of the power is deposited in the electron current. Thissower absorbed by the accelerated ions to the total dissipated
wasted power is reduced in the Hall thruster by reducing thgower by both ions and electrons, is

electron current, that is achieved by imposing a radial mag-

netic field along the axial drift of the electrons. The magnetic n= Zl'ipa )
field impedes the electron mobility. However, it is advanta- ZTipa+ [odXTo(dp/dx)

geous to look for different means of minimizing the power
wasted in the electron flow. In this paper we theoretically
explore such different means. We relax the condition that it 1 dy

is the cathode only, located at the exit of the acceleration FeN:(l_—w)llzd_g ()
channel, that emits electrons. Rather, we search for an opti-
mal distribution of emitting electrodes along the channel seand
that the wasted power is minimal. The theoretical result

@

Equations(1) and(2) are, in dimensionless form

1

could be tested experimentally as a basis for an improved ;= 7 . (4)
Hall thruster configuration. However, as we show here, the 1+ [ Td{Ten(dy/d?)

efficiency enhancement due to such emitting electrodes iﬁere

the acceleration region is very small. The idea of adding

electrodes fits into our ongoing research of a configuration of 2Ze \ Y2 rx dx’

the Hall thruster, in which segmented side electrodes can §E(mi¢A) fo M(X’)’ (5

either supply or absorb neutralizing electrdig.our parallel

publicatiof we have examined theoretically the case that arand {r=[2Ze/(m; ¢A)]1’2f5dx/,u(x). Also = ¢l and

additional electrode absorbs electrons in the ionization zond, .\=1"¢/ZI"; .

and have shown that it can significantly enhance the effi- In the regular diode, when there are neither sources nor

ciency. sinks, the ion and electron fluxes are constant along the chan-
In Sec. Il we present the model. In Sec. Il we employ anel. In this case we solve E3) with the boundary condi-

variational method to find the optimal electron flow profile. tions ¥ (0)=1 andW¥(1)=0 and obtain that
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=== mal. Thus, we look for the minimal value of the integral in
~~ — Yo the denominator of Eq4). We write this integral as
08 S —_y f
\\ opt I ,
o . = [ Mo, ©
N N
0.4 S where
oS ()2
0.2 N F(, )= ————, 10)
N W)= (
0
0 02 04 ” 06 08 1 and ' =dy/dZ. We require that Euler's equation
.
_ _ d | JF IF 0 11
FIG. 1. The profiles of, and of ,y as functions o/ . ac &_1/1' 07—111 =0, (11
be satisfied. The optimal electric potential profile, the solu-
> tion of Eq.(11) that satisfies the boundary conditions, is
reN,O: - (6) g 4/3
o wopt=1—(§— , 12
and that T
1 1 while the optimal electron flow profile is
=TT 15200 ™ 41|
Y 1—‘eN,opt_ - § g_ ? . (13)
Also T
)2 The efficiency of that optimal flow is found to be
Yo=1- (5_) (8) 1
T (14)

opt™ 11 16/9¢,)

Figure 1 shows the profiles af, and of ., and Fig. 2

We examine how modifying the profile of the electric SNOWSI'enopt/Teno, both as functions of/{y. Figure 3
potential can increase the acceleration efficiency. For such $10Ws the ratiazey/ 70 as a function oty . As seen in Fig.
modification to occur in a neutralized flow, the electron flow 3. the efficiency enhancement is modest. The largest en-
profile should be modified from being constant along thehancement occurs for smaf, and it is 9/8.
channel. Therefore, electrodes that act as electron sources or We note that in practice one can add a limited number of
sinks should be added. In the Hall thruster the radiaflectrodes along the channel only. If, for example, we add
magnetic-field lines intersect the radial channel walls, so tha®?n€ electrode only, we can specify the normalized I(_)cation
locating electrodes along the walls and injecting or absorbing 1 Of that electrode and the normalized potengfglat which
electrons along magnetic field lines is possible. it is held. We denote the constant electron flow in the region

Let us entertain the possibility of having an arbitrary {1=¢=>0 by I'; and the constant electron flow in the region
electric potential profile that is monotonically decreasing{t>¢> {1 by I'>. Employing Eq.(3), we derive the relations
from the anode towards the cathode, for which the value of 1{1=—2(1= 1) and T'5(¢r— (1) =—2+2(1— )2
the normalized voltage between the anode and the cathode f¥ith these expressions for the electron flolvg, the effi-
held unity. The electron flux density, is now not constant, CI€NCy In this casey; becomes
but rather its value is determined locally by E®@). We 1
search the optimal potential distribution, in whighs maxi 71 =T (19T

IIl. OPTIMAL ELECTRON FLOW PROFILE
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FIG. 2. The ratiol' gy op{ T'eno @S a function off/{y . FIG. 3. The ratioz,y/ 7o as a function oy .
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